Gene regulatory networks are often partitioned into different types of recurring network motifs. A feed-forward loop (FFL) is a common motif in which an upstream regulator is a protein, typically a transcription factor, that regulates the expression of the target protein in two ways-first directly by regulating the mRNA levels of the target protein and second indirectly via an intermediate molecule that in turn regulates the target protein level. Investigations on two variants of FFLpurely transcriptional FFL (tFFL) and sRNA-mediated FFL (smFFL) reveal several advantages of using such motifs. Here, we study a distinct sRNA-driven FFL (sFFL) that was discovered recently in Salmonella enterica: The distinction being the upstream regulator here is not a protein but an sRNA that translationally activates the target protein expression directly; and also indirectly via regulation of the transcriptional activator of the target protein. This variant, i.e. sFFL has not been subjected to rigorous analysis. We therefore set out to understand two aspects. First is a quantitative comparison of the regulatory response of sFFL with tFFL and smFFL using a differential equation framework. Since, the process of gene expression is inherently stochastic, the second objective is to find how noise in gene-expression affects the functionality of the sFFL. We find that unlike for tFFL and smFFL, the response of sFFL is stronger and faster: the change in target protein concentration is rapid and depends critically on the initial concentration of sRNA. Further, our analysis based on a generating function approach and stochastic simulations leads to a non-trivial prediction that an optimal noise filtration can be attained depending on the synthesis rate of the upstream sRNA regulator and the degradation rate of the intermediate transcriptional activator. Interestingly, such optimal filtration of noise cannot be achieved by varying any other interaction parameter associated with the motif. These observations prompt us to conclude that sFFL has distinct advantages where the master regulator, sRNA, plays a critical role not only in driving a rapid and strong response, but also a reliable response that depends critically on its concentration.
approach [24] . This analysis leads to an interesting observation that the present loop can effectively filter the noise and this noise filtering ability primarily depends on the synthesis rate of the upstream sRNA regulator and the degradation rate of the transcriptional activator of the target protein. We verify our predictions through stochastic simulations based on Gillespie algorithm, which yields exact results on fluctuations in target protein concentration [25, 26] . The simulation results agree well with mathematical predictions. These observations prompt us to conclude that the master regulator sRNA, not only leads to strong and rapid response through target protein synthesis, but it also plays a significant role in minimizing fluctuations in target protein concentrations.
II. RESULTS AND DISCUSSIONS

A. Model and the deterministic description
The sFFL of our interest is shown in figure (1A) . This can be compared with the smFFL in figure (1B). The change in concentrations of various regulators such as proteins, mRNAs and sRNAs in sFFL with time is described through the following differential equations 
The notations used for various concentrations in these equations are displayed in table I. In general, the synthesis and degradation rates are denoted by r and γ, respectively. Here, f ([σ s p]) = rim[σ s p] 1+kc[σ s p] is the Hill function representing transcriptional activation in the synthesis of RicI mRNA by σ s protein and k c is the ratio of activation and deactivation rates of RicI gene. 1/k c , also known as the activation threshold, corresponds to the special value of σ s protein concentration at which the transcription rate is same as 1/2 of its maximum value. The steady-state concentrations of various regulators can be obtained by equating the time derivatives of various concentrations in equations (1)- (2) to zero and solving the resulting algebraic equations. Figure ( 2) shows a comparison as how different concentrations change with time as they approach the respective steady-state values. For enabling a meaningful comparison, we have chosen same synthesis and degradation rates for all the regulatory components [10] . Unless mentioned otherwise, for all the figures in the following, we assume negligible initial concentrations for all the regulators. As the figure shows, the increase in RicI protein concentration is slower compared to that of σ s protein initially (see also Ref. [9, 16] ). This lag in RicI production is due to the fact that the transcriptional activation of RicI gene requires production of sufficient amount of transcriptional activator, σ s . The amount of delay in RicI production is, of course, strongly dependent on various biochemical parameters such as k c which determines the activation threshold for transcription of RicI mRNA, degradation and synthesis rates of various regulatory components etc. Here the upstream, master regulator is a transcription factor (TF). The transcription factor activates the synthesis of the target protein mRNA directly and also activates sRNA synthesis which in turn activates the translation of the target protein. The ellipse and the circle represent sRNA and protein molecules, respectively. (C) A detailed diagram of sFFL with various processes such as synthesis, degradation etc shown explicitly. k + and k − , in general, represent association or dissociation rates of protein regulators or sRNAs with the respective target gene or the target mRNA. 
C. Temporal Solution
In order to understand the functionality of the present network motif in comparison with other motifs such as tFFL and smFFL, we solve the differential equations numerically for these three types of motifs. The differential equations describing the dynamics of the tFFL and smFFL are shown in the Appendix. For sFFL, we consider differential equations in (1) and (2) . Figures (3) and (4) show a comparison as how the target protein concentration approaches the steady state with time in three different cases. In order to have a meaningful comparison, we consider same parameter values for all the three motifs. While for figure (3) , the initial concentration of the upstream, master regulator is low, in case of figure (4) the initial concentration of the upstream regulator is relatively high. Irrespective of the initial condition, the response of the sFFL is fastest among all the three motifs. The difference in the regulatory patterns seems to originate from the fundamental difference in the mechanism of transcritptional and translational activations. The transcriptional activation that happens through binding to the DNA is expected to cause a delayed response since sufficient concentration of transcriptional activator is required for crossing the activation threshold. In addition to this, due to the saturation kinetics, the transcriptional activation also reaches a saturation value that is independent of the concentration of the transcriptional activator. This results in a delayed response in a tFFL that functions through transcriptional activation at three different stages. While in smFFL, the transcription interaction is required for activation of two different genes, in sFFL, only RicI gene is transcriptionally activated. It appears that the fast response of sFFL is linked to a reduced number of transcriptional activation steps associated with the loop. The difference due to the mode of regulation appears more prominently in figure (4) where an increased initial concentration in the upstream regulator leads to a more rapid and faster response in sFFL as compared to other FFLs. The sRNA, RprA, is activated when the cell is exposed to stress due to membrane-damaging activities of bile- salt. RprA, along with σ s which activates RicI transcription, increases the expression of RicIp. RicIp localizes at the cytoplasmic membrane and, together with other proteins, blocks the conjugation machinery required for pSLT transfer thereby providing protection to the cell by inhibiting energy-expensive conjugation process. The rapid increase in RicI concentration especially when the initial RprA concentration is high, is possibly crucial for cell's survival under stress due to bactericidal agents such as bile salt. We have, further, obtained approximate mathematical solutions (see Appendix for details) for the target protein concentration in case of sFFL for two different cases; (i) with a constant pool of upstream sRNA regulators and (ii) with sRNA concentrations changing due to its synthesis and degradation processes. Mathematical solutions of such coupled, nonlinear equations can be obtained only over restricted parameter space. Despite approximations, the mathematical solutions agree reasonably well with exact solutions of the differential equations in (1) and (2) and show a rapid growth in the target protein concentrations for large initial concentration of the upstream sRNA regulator as seen in figure (4).
D. Noise processing characteristics
Here we focus on fluctuations in the target protein level in the sRNA-driven feed forward loop of present interest. Various processes and the associated rate parameters are presented in figure (1). Using a general notation, we introduce s, m 1 , m 2 , p 1 and p 2 as the number of sRNA (RprA), σ s mRNA, RicI mRNA, σ s protein and RicI protein molecules, respectively. This set of numbers represents a state of the system and P s,m1,m2,p1,p2 (t) denotes the probability that the system is in a given state specified by these numbers at time t. Our fluctuation analysis is based on the master equation which is a differential equation that describes how this probability changes with time [13] . The probability changes with time due to various processes such as transcription, translation synthesis and degradation of different types of molecules as per the details of the network. The master equation that takes into account all these processes is
Here r and γ, in general, represent synthesis and degradation rates of different types of molecules. r m2 (p 1 ) denotes the the transcription rate under transcriptional activation by p 1 and it is represented by the Hill function as r m2 (p 1 ) =
1+kc p1 , where 1/k c , as before, denotes the activation threshold. In order to proceed further, we approximate the Hill function about the average density p 1 at the steady state. Under such approximation, we have
Next, we introduce the moment generating function
which satisfies G | {zi}=1 = 1 and from which the mean number of molecules for the ith species can be found out as
, one may find the fluctuation in the target protein concentration as G 55 + G 5 − G 2 5 . Using (3), it can be seen that the moment generating function satisfies the following equation
where ∂ x G = ∂ ∂x G. In the steady state (∂ t G = 0), one may obtain successive moments by taking successive derivatives of equation (6) and then substituting {z i } = 1 in the resulting equations. In order to obtain the target protein fluctuations, we need to find the first and second moments such as G 5 and G 55 . The evaluation of these moments becomes complex since an equation for a moment, in general, involves the higher order moments. In the present case, we are able to obtain the target protein fluctuation by evaluating upto fourth moment and ignoring the contributions of the higher order moments (see Appendix for details). The coefficient of variation for the target protein, CV p =
, plotted with the synthesis rate of sRNA, r s , in figure (5A), shows a minimum indicating an optimal attenuation of fluctuations in the target protein level as r s is changed. Similar optimal noise filtration can also be seen with respect to the degradation rate of the transcriptional activator, σ s . Interestingly, however, we have not found such optimal attenuation by tuning any other interaction parameter present in the sFFL. For example, no minimum is found when the coefficient of variation is plotted with the synthesis rate of σ s protein, r p1 (see in figure  (5B) ).
The results from the above mathematical analysis are supported by stochastic simulations discussed below. Stochastic simulations based on Gillespie algorithm (GA) is an exact method that allows us to incorporate the probabilistic features in the gene expression in a systematic way [25, 26] . In GA, we take into account different types of molecules such as protein, sRNA, mRNA molecules associated with the regulatory network and the relevant interactions between them. The number of each species of molecules at a given instant of time is denoted by x i (t) where i = 1, 2, 3, ...N denotes a specific species of molecules given that there are totally N different species of molecules. GA is based on two assumptions; (1) the time interval between two successive reactions is a random variable obeying Poisson Distribution and (2) the specific reaction that occurs at a given instant of time is selected randomly. In the simulation, this is executed by drawing two random numbers at each simulation step; one random number, r 1 , is used to decide the time interval between two successive reactions and the other random number, r 2 , is used to decide which reaction would occur in the next time step. Denoting a specific reaction by µ, where µ = 1, 2, 3..., one may define a probability a µ (t)dt which indicates the probability of occurrence of the µth reaction in the time interval t and t + dt. Here a µ (t) is expressed as the product of two factors; one is the reaction rate and the other factor is the number of possible µ type reactions. Thus at each simulation step, the time interval before the next reaction is determined and depending on the value of r 2 and the various reaction rates a µ (t), the next reaction is chosen. Subsequently, based on which reaction has occurred, the values of appropriate x i are updated. We allow the system to evolve over 5 × 10 7 simulation steps and keep a record of the number of sRNA, mRNA, target protein number after every 500 simulation steps leaving about 2 × 10 4 initial steps. The coefficients of variation for the target protein is shown in figures (6A) and (6B). Consistent with the mathematical analysis (figure (5A)), figure (6A) also shows an optimal noise attenuation with r s , the sRNA synthesis rate. As figure (5B) , figure (6B) shows no minimum in the coefficient of variation as r p1 i.e. the synthesis rate of σ s protein is changed.
III. CONCLUSION
In this paper, we have studied an sRNA driven feed-forward loop (sFFL) through mathematical and computational modelling. Here the upstream, master-regulator is an sRNA, RprA, which activates the synthesis of the final, target protein, RicI, using two parallel pathways; one, directly through translational activation of the RicI mRNA and the other, via translational activation of σ s , which, in turn, functions as a transcriptional activator of RicI protein. Thus unlike other FFLs involving sRNAs as regulators at an intermediate level and proteins as the upstream regulator, here the upstream regulator is an sRNA while the intermediate regulator is a protein σ s . This kind of an FFL was found only recently; and it is believed that such an FFL plays an important role in horizontal gene transfer in S. enterica.
During horizontal gene-transfer, bacterial conjugation happens through pilus formation, which is an energy-expensive process. In the presence of bactericidal agents, the RicI interferes with pilus formation and thereby inhibits horizontal gene transfer. This is one way to protect the bacteria during stress. Hence, a quick response to stress necessitates a rapid increase in the levels of RicI. Our work presented here, allows us to rationalize how RprA driven FFL could be a productive strategy to achieve this control to rapidly interfere with pilus formation. In principle, this would be general to any sRNA driven FFL.
While extensive studies to understand the general characteristics of FFLs, such as purely transcriptional FFL (tFFL) or sRNA mediated feed-forward loop (smFFL) were carried out previously, FFL driven by sRNA as the toptier regulator, being a new variant, has not been subject of extensive investigations. To the best of our knowledge, the present work is the first, detailed modelling-based analysis of an sFFL. A major finding of this analysis is that an sFFL is capable of producing a strong and rapid response in terms of enhancing target protein levels, compared to that by tFFL or by smFFL. By comparison, we believe, this would be a generic feature that is linked due to the number of transcriptional activation steps present in sFFL as against tFFL or smFFL. While sFFL involves transcriptional activation of only one gene, for tFFL and smFFl two or more genes are transcriptionally activated. The saturation kinetics and the delay in response due to the presence of the activation threshold appear to be the reasons for delayed and weak response in case of transcriptional activation. This difference in the mode of regulation is captured by the mathematical equations for the respective FFLs and such generic features can be compared meaningfully, when the same parameter values are used for all three cases. A high sensitivity to the initial concentration of the upstream regulator, i.e. sRNA, and therefore a rapid initial response in the target protein level is an additional characteristic of sFFL. We have obtained explicit mathematical solutions describing how the concentrations of various regulatory molecules change with time. These solutions clearly demonstrate the sensitivity of the target protein concentration to the initial conditions. This phenomenon may be rationalized as follows in the context of RprA driven inhibition of pilus formation in S. enterica. This sFFL is triggered during membrane-damaging activities of the bactericidal agent, bile salt, in order to arrest pilus formation by increasing RicI level rapidly. Hence, a sensitive and rapid response to the initial-conditions (concentration of sRNA) might be a necessary strategy for the cell to respond to stress. These insights can also be tested experimentally. A plasmid vector can be designed in a manner that the expression of RprA under the control of arabinose, can lead to the synthesis of σ s and RicI protein. In order to examine the levels of these, the genes coding for σ s and RicI can be replaced by florescent proteins like GFP and RFP. Such a design would allow a direct validation of model proposed here.
Furthermore, the RprA driven FFL is expected to function reliably despite the presence of noise in gene-expression. This implies that the FFL should ideally filter out this noise such that the target protein (RicI) concentration does not fluctuate significantly from the average concentration levels. Keeping this in mind, we analysed the noise characteristics of the sFFL through master equation based modelling and stochastic simulations. We find that the network indeed filters out the noise and this aspect depends critically on two parameters; the synthesis rate of the upstream regulatory sRNA and the degradation rate of the transcriptional activator of the target protein. More specifically, the attenuation of noise can be optimized by varying the synthesis rate of sRNA or by varying the degradation rate of the transcriptional activator. In fact, these two parameters appear to be the only ones responsible for maximal noise filtration. This too can be experimentally verified. The aforesaid experimental design can be extended to study noise filtering ability of sFFL, which may be achieved by quantitating the amount of mRNA and protein of RicI as a function of RprA concentration. Overall, the present work suggests that the function of sFFL, including the control of gene-expression noise is critically governed by the sRNA -both in terms of the time scale and the magnitude of the response. The prediction about the critical role of sRNA in noise filtering raises new questions, such as, how the concentration of the top-tier sRNA is regulated in the cell in order to achieve optimal noise filtration through the FFL. Besides, this being a general model, the insights obtained from the present study will be applicable to other sRNA driven coherent FFLs that might be discovered in the future and also for designing artificial networks for optimal regulation.
Conflict of interest: Authors declare no conflict of interest.
Appendix A: Purely transcriptional feed-forward loop and sRNA mediated feed forward loop In figures (3) and (4) of the main text, we have shown how the target protein concentration changes with time for tFFL and smFFLs. In the following, we present the differential equations that describe the dynamics of the tFFL and smFFL. The parameters, r and γ, in general, represent the synthesis and degradation rates of various regulatory molecules. Parameters denoted by k in Hill functions are, in general, related to the activation threshold. The following equations describe the tFFL.
− γ zm z m and (A4)
x, y m , y p , z m and z p represent the concentrations of the upstream transcriptional activator, y-mRNA, y-protein, z-mRNA and z-protein, respectively. x transcriptionally activates synthesis of y-mRNA; x and y are both required for transcriptional activation of z.
sRNA mediated feed forward loop (smFFL)
Equations describing smFFL are
Here, x, s, m and p denote the concentrations of the upstream transcriptional activator, sRNA, target protein mRNA and target protein, respectively. x translationally activates sRNA synthesis as well as the synthesis of the target protein transcripts. Finally the sRNA translationally activates the synthesis of the target protein, p.
Here we find the response of the network under persistent or time varying input signals. We assume two possible scenarios as a response to stress; (a) a constant pool of sRNA, RprA, (b) the concentration of sRNA, RprA, varies due to its synthesis and degradation. Under these conditions, we explicitly find the solutions of the differential equations that describe how the concentrations of various regulators change with time.
a. Under a constant pool of sRNA Assuming a constant solution for RprA as Ra(t) = R 0 , and using a solution for σ s m(t) = c 2S e −γσmt + rσm γσm , we find
where c 2S and c 3S are the integration constants. Considering negligible initial concentration of σ s mRNA and σ s protein, we find c 2S = − rσm γσm and
. The concentration of RicI mRNA can be found in a similar way starting with [Rim](t) = e −γimt f 2 (t). The solution for f 2 (t) can be written as
where c 4S is the integration constant, A S = 1 + kcσ 2S γσp and B S = kcσ 1S γσp−γσm + k c c 3S . For the integration, we have used u = e γimt . B S turns out to be negative upon substituting the expression for c 3S in the definition of B S . While obtaining (B2), we have assumed that the degradation constant of RicI mRNA, γ im is twice smaller than the degradation constants of σ s mRNA and σ s protein γ σm and γ σp , respectively and γ σp ≈ γ σm . The final solution for RicIm is 
where c 5S is the integration constant. In order to obtain (B5), we have assumed γ im twice smaller than γ ip . Considering initial concentrations of all the regulatory molecules to be negligible, we have compared numerical and mathematical solutions for RicIm and RicIp in figure (8) . The numerical solutions provide an exact picture as how various concentrations vary with time. Based on γ σp ≈ γ σm and γ im is approximately twice smaller than γ σp or γ σm , we have obtained an approximate form of the integrand in equation (B2). Due to this approximation, the mathematical solutions deviate slightly from the exact, numerical solutions. Since the deviations are small, we assume that (B3) and (B5) provide a reasonable quantitative description of time-variation in the target protein concentrations. Here, we find analytical solutions of the coupled, nonlinear equations in (1) and (2) of the main text. Unlike the previous section, Rpra concentration is non-constant and it is governed by the equation
The solutions for [Ra](t) and [σ s m](t) are as follows.
[Ra](t) = c 1 e −γat + r a γ a , and [σ s m](t) = c 2 e −γσmt + r σm γ σm .
With these equations, the equation for σ s protein is as follows 
